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Modeling and characterization of a rectangular
waveguide grating structure using transmission line
theory for planar Cerenkov masers
Ye Chen and Yaogen Ding
Abstract—A modeling approach is proposed based on trans-
mission line theory for the characterization of the periodic rectan-
gular waveguide grating (RWG) structure. Using an equivalent
circuit (EC) model the dispersion equation of the structure is
derived with largely reduced workloads as compared to the
conventional field-theory method. An EC based analysis of the
RWG structure is performed. Numerical results show a good
consistency between the two methods as varying structural
parameters of significance. The proposed approach is also used
for the taper design with the objective of minimizing wave
reflection of the structure. A resulting multistage taper can
deliver a low cumulative reflection coefficient on the order of
10−3. Furthermore, the coherence performance of an RWG based
planar Cerenkov maser (PCM) is studied on the driving electron
beam interacting with the traveling harmonic wave. This includes
the impacts of the grating height uniformity, due to practical
machining uncertainty, on the net wave reflection as well as on
the growth rate of the wave in the maser. The obtained results
show, that a non-uniformity on the order of 50 µm in the grating
height can increase the reflection level by at least one order of
magnitude. The PCM coherence can be considerably degraded,
in terms of a significant reduction in the wave growth rate of
more than 30% with respect to its theoretical value.
Index Terms—transmission line, grating, dispersion, taper,
coherence, electron beam, growth rate, Cerenkov maser.
I. INTRODUCTION
PLANAR Cerenkov maser (PCM), as a promising electro-magnetic radiation source, has drawn growing interests
in the millimeter (mm) and / or sub-mm wavelength range
over the last decades [1]–[9]. A typical radiation scheme of
the PCM takes a rectangular waveguide periodically lined
with metallic gratings to slow down the phase velocity of the
traveling wave in the maser, such that a passing-by relativistic
planar electron beam can be synchronized with the wave under
the synchronous condition of velocity matching. The kinetic
energy of the electron beam can thus be converted to the
electromagnetic field energy by means of the so-called beam-
wave interaction process.
Adoption of a rectangular waveguide grating (RWG) struc-
ture in the PCM takes advantages of the facts, in comparison to
dielectric-lined slow-wave structures, that the metallic grating
shows better tolerance to electron interception and stronger
capability in heat dissipation. This is of particular importance
for high power applications. However, the PCM performance
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is sensitive to geometrical uniformity of periodic gratings.
This refers, especially, to a slight variation of the grating
height along the maser with respect to its designed value, due
to practical machining error within certain accuracy. A very
important role plays this effect on the coherence performance
of the PCM for practical applications.
Design of an RWG based PCM usually starts with charac-
terization of the RWG structure. This process refers to deriving
the dispersion equation of the structure as well as finding
solutions to the equation. This can be done by modeling
a field matching problem with continuity conditions applied
on the interface between the grating groove inside and the
region above the grating [1], [4], [8], [11]. Solving the equa-
tion gives relations between the working frequency and the
propagation constant of the guided wave for electromagnetic
modes on different orders. This field-theory method principally
is rigorous, but requires rather lengthy derivations. And yet,
mathematically building up a physical model, in terms of
dividing the whole calculation domain into multiple field
regions with proper boundary conditions, may not be trivial
for RWG-like structures with even more geometrical and / or
dielectric features [12], [13].
In this paper, the modeling of the RWG structure is done
using transmission line theory instead of the conventional field
theory. A simple equivalent circuit (EC) model is proposed
in Section II to derive the dispersion equation. In Section III,
numerical simulations of the dispersion relation are carried out
to validate the proposed method by varying crucial geometrical
parameters of the structure. A physical interpretation of the
approach is given on the basis of the consistency with the field-
theory method. Moreover, the proposed approach is extended
in Section IV for the taper design of the PCM. In Section V,
the coherence performance of the PCM is investigated taking
into account geometrical non-uniformities of the gratings. A
summary and an outlook are given in Section VI.
II. EQUIVALENT CIRCUIT BASED MODELING
Figure 1 shows a sketch of the RWG structure. Introducing
periodic gratings into the smooth rectangular waveguide en-
ables the propagation of the wave traveling on the surface of
the grating with a phase velocity lower than the speed of light.
The local fields within the grating groove are usually treated,
in a conventional way, as TEM standing waves when the
groove width s is smaller than the wavelength. The role of the
grating can be considered as storing the local electromagnetic
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Fig. 1. Sketch of a rectangular waveguide grating (RWG) structure.
Fig. 2. Representation of the RWG periodic structure by cascaded equivalent
circuit units.
energy. Each grating unit is then equivalent to a capacitive or
inductive circuit component with energy storage. The periodic
grating structure can thus be interpreted as the cascade of
the equivalent microwave networks of all individual circuit
components. The geometrical and electrical properties of the
RWG structure can be easily analyzed using the simple circuit
model, instead of using intricate field formalisms.
In Fig. 1, the geometrical parameters are defined with h, s,
d, b and w as the height, width, period of the grating, a distance
of the grating surface to upper boundary of the waveguide
and the transverse width of the waveguide, respectively. As
shown, each period of the structure consists of Region I (above
grating) and Region II (inside grating). For an equivalent
circuit (EC) analysis, the Region I can be represented as
parallel plate transmission line with a characteristic impedance
of Zc = Z0b per unit width, where Z0 denotes the characteristic
impedance of the line. The Region II is then considered as
a shorted branch of the line periodically connected to the
main line with a period of d. This shorted branch exhibits a
characteristic reactance of jX (= jZ0stank0h [1]) to the main
line. Thus, each grating period can be modeled as an EC unit
consisting of three cascaded two-port microwave networks.
This includes, specifically, a segment of transmission line
with an electrical length of l, a serial reactance of jX, and
another segment of line in the same length. The whole periodic
structure can be considered as the cascade of all the EC units
(see Fig. 2).
Using the proposed EC model, the wave propagation in the
RWG structure can be described using a transfer matrix At.
Given the normalized characteristic impedance of the serial
reactance X = X/Zc, the electrical length l as k0d/2 with k0
denoting the wave number in free space, the overall transfer
matrix of each EC unit is expressed as
At =
3∏
i=1
Ai =
[
cosl jsinl
jsinl cosl
] [
1 jX
0 1
] [
cosl jsinl
jsinl cosl
]
,
(1)
where Ai represents the transfer matrix of the three cascaded
EC elements, respectively. This directly gives
At =
[
cos2l − X2 sin2l j(sin2l + X2 cos2l + X2 )
j(sin2l + X2 cos2l − X2 ) cos2l − X2 sin2l
]
.
(2)
Applying conditions of periodicity leads to[
Vn
In
]
= At
[
Vn+1
In+1
]
(3)
and [
Vn
In
]
=
[
eγd 0
0 eγd
] [
Vn+1
In+1
]
. (4)
where γ represents wave propagation constant and V (/I)i
denotes the representative voltage (/current) wave at the ith
port of the periodic structure.
Combining Eqs. (2)-(4) defines an eigenvalue equation of γ
as
D
[
Vn+1
In+1
]
= 0 (5)
with
D =
[
cos2l − X2 sin2l − eγd j(sin2l + X2 cos2l + X2 )
j(sin2l + X2 cos2l − X2 ) cos2l − X2 sin2l − eγd
]
.
(6)
Only if the determinant value of Eq. (6) equals zero,
solutions of Vn+1 and In+1 exist. This leads to the dispersion
equation of the RWG structure in cold-state as
coshγd = cos2l − X
2
sin2l (7)
with the characteristic reactance of the shorted branch jX
= j sb tank0h, which exhibits inductive and capacitive to the
main transmission line for the working frequencies satisfying
0 < k0h < pi/2 and pi/2 < k0h < pi, respectively. As k0h =
pi/2, the shorted branch resonates and approximately defines
the first critical frequency. An increase of the grating height
from the this point on would lead to a further reduction of the
phase velocity in the first passband. Detailed characteristics
are shown in the following section.
III. VALIDATION OF METHOD
The dispersion relations obtained from Eq. (7) are illustrated
in Fig. 3 for the first two lowest-order modes, TEx10 and
TEx11 (transverse electric mode w.r.t. x). The results are
compared to those computed from the field-theory method
following the derivations in Refs. [4], [8], [10] and [11]. To
demonstrate the influence of the waveguide edge effect on the
dispersion relation, the comparisons are conducted by means
of varying the aspect ratio of the waveguide from 1.5 to 4.0.
The structural parameters used in the calculation are displayed
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TABLE I
GEOMETRICAL PARAMETERS OF THE RWG STRUCTURE.
Parameter Value Unit
height above grating, b 10 mm
height of grating groove, h 8 mm
waveguide width, w 20-80 mm
width of grating groove, s 1 mm
grating period, d 1.5-8 mm
in Table I. The dashed line in Fig. 3 represents the light line.
As shown, in the slow-wave regime, the dispersion tendencies
described by the field theory (green, blue and pink curves) are
in agreements with those obtained from the equivalent circuit
(EC) method (red curves) for both modes. As the aspect ratio
of the waveguide is larger than 2, the dispersion relations
derived by the EC method excellently fit the field theory.
Under this condition the edge effect of the waveguide does
not significantly contribute to the results.
Fig. 3. Comparison of dispersion relations between the EC method and field-
theory method by varying aspect ratios of the waveguide. H (= b + h):
waveguide height. Following the mode naming convention, the mode TExlm
refers to a TE mode with respect to the x direction with l as the mode number
and m as the sequential number of the modes on different orders.
Figure 4 shows another characteristic calculation of the
dispersion relation using various grating periods. The results
are, once again, compared to the field-theory method. It can
be seen, that good consistencies are still retained between the
two methods for a large range of the grating period d varying
from 1.5 to 8.0 mm. This shows, that as long as the grating
period is smaller than the wavelength at the corresponding
passband, the proposed modeling approach is validated. Note,
in addition, that even for the passband at the high frequencies
beyond this condition, one can still apply the EC modeling
approach. However, the characteristic reactance of the EC units
would have a more complex dependency on the frequency
rather than be simply proportional to it.
In order to provide a physical interpretation of the proposed
approach, further discussions are rendered on the basis of the
field formalism that is commonly used for the modeling of the
periodic grating by the field theory. Within the grating grooves
(Region II in Fig. 1) the fields are approximated by the lowest-
order mode of a shorted waveguide stub [1], [4], [8]. This is
Fig. 4. Dispersion relations versus grating period d as the aspect ratio of the
waveguide w/H = 4.
derived as
Ez(y) =
jωµ0b√
k20 − k2x
sin[
√
k20 − k2xh(y)] (8)
and
Hx(y) = bcos[
√
k20 − k2xh(y)], (9)
where ω represents the angular frequency, the wave numbers
are defined as k0 = ω/c and kx = lpi/w with c denoting speed
of light, w denoting the width of the waveguide and l = 0,
1, 2...n representing a sequence of positive mode integers.
The symbols b and h(y) stand for the distance of the grating
(top) surface to the upper boundary of the waveguide and the
vertical coordinate within the grating groove, as respectively
shown in Fig. 1.
An effective wave impedance in the grating groove along
the grating height (y) direction can thus be defined as
Zw =
√
Ez
Hx
. (10)
Substituting Eqs. (8) and (9) into Eq. (10), one can obtain
Zw = jXeff (11)
with an effective reactance of the wave impedance
Xeff =
ωµ0tan[
√
(k20 − k2x)h]√
k20 − k2x
. (12)
As the aspect ratio of the waveguide is sufficiently large
(e.g., w/H ≥ 2 justified in Fig. 3), the wave number kx is much
smaller than k0 and can be neglected. Given the characteristic
impedance per unit width of the transmission line as Z0, Eq.
(12) is reduced to
Xeff = Z0stank0h. (13)
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This simplified effective wave impedance has the same
form as the one used in Eq. (1) for the equivalent circuit
(EC) modeling of the gratings. A consistency between the EC
method and the field theory is thus retained.
IV. EQUIVALENT CIRCUIT BASED TAPER DESIGN
In Fig. 5, a sketch of the RWG based PCM is illustrated.
As shown, to match the RWG structure with a smooth (power)
input (or output) waveguide, a proper design of the taper is
needed to minimize the wave reflection caused by the loaded
gratings. Using the equivalent circuit (EC) method we consider
a simplified matching network as an array of grating units with
an increment of the grating height along the structure (see Fig.
5). The separation distance of each two successive tapering
grating units equals the period of the RWG structure d. The
tapering rate is on specific designs.
Within a taper the local reflection coefficient at each grating
unit can be defined by the mismatch of the characteristic
impedances at the reference plane. Through simple derivations
using Eqs. (3) and (4), one can obtain
ρ(z) =
ZrI − ZlI
ZrI + Z
l
I
(14)
with
ZI =
Vn+1
In+1
=
√
A12
A21
=
√
(2sin2l +Xcos2l +X)
(2sin2l +Xcos2l −X) (15)
where Aij is given in Eq. (2). The reference plane is chosen
at the central position of the interface between the two
regions defined in Fig. 1, while ZrI and Z
l
I referring to the
characteristic impedances on both sides of the reference plane.
Fig. 5. Sketch of an (partial) RWG based PCM with an input taper and a
beam-wave interaction region. A planar driving electron beam is exemplarily
shown on top of the grating structure with a vertical distance of separation.
Based on small reflection theory [2], only the primary
reflection needs to be considered if the reflections are small
(|ρ| < 1). A cumulative reflection coefficient (ρt) along the
taper can thus be defined as the superposition of all local
reflection coefficients (ρi) with phase delays. This is written
as
ρt = ρ0 +
∑
i
ρie
j2d
∑i
n=1 k
i
z . (16)
The goal function of the taper design is then to achieve
a lowest possible cumulative reflection coefficient, ρt. As
an example, the length of the taper is fixed at 20 cm. The
working frequency is chosen at 9 GHz. The wave number
kz in Eq. (16) is computed from Eq. (7) for loss-free cases.
Figure 6 shows the cumulative reflection coefficient along the
taper for multiple tapering rates defined as the increment of
the grating height per geometrical period. Curve 1 shows a
taper design with a linear tapering rate of 0.0792 mm. This
scheme delivers smallest reflection in the beginning of the
taper. The reflection grows, however, much faster than other
schemes, and eventually reaches the highest reflection level.
Curve 2 describes an exponential tapering rate. A more smooth
variation of the grating height gives a higher reflection level at
first, but lower reflection in the end than Curve 1. Following
this mechanism, multi-stage tapers are designed, of which the
tapering rate is kept linear and invariant within one single
stage, but varies from one stage to another. The four-stage
taper (Curve 5) delivers the smallest reflection coefficient close
to 10−3, where a linear tapering rate of 0.280, 0.171, 0.024 and
0.023 mm are used within four subsequent stages consisted of
15, 15, 35 and 36 grating periods, respectively. It can be noted,
that a higher grating height along the taper results in a higher
characteristic reactance and effectively a lower phase velocity
in the passband. Therefore, the wave reflection is more and
more sensitive as the grating height rises which then requires a
more smooth tapering rate correspondingly. Note, in addition,
that the oscillation phenomenon in Fig. 6 reflects the nature
of phase mixtures as mathematically described in Eq. (16).
Fig. 6. Cumulative reflection coefficient along the taper for various designed
tapering rates.
V. COHERENCE PERFORMANCE OF THE RWG BASED
PCM
In the following, the coherence performance of an RWG
based PCM is investigated using the proposed approach. This
refers to the analysis for the influences of geometrical grating
uniformity on the wave net reflection of the structure in cold-
state, as well as on the wave growth rate in the hot-state of the
maser. The geometrical uniformity here concerns the height of
the grating along the interaction region of the maser (see Fig.
5).
In a practical PCM, a non-uniformity of the grating height
can be introduced by the existing machining uncertainty
within certain accuracy. Here we choose a realistic machining
uncertainty (∆h) of 50 µm to demonstrate the significance of
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the effect. The grating height h(z) along the maser is then
randomly generated within certain parametric range, [h0(z)-
∆h, h0(z)+∆h]. The term h0(z) refers to the designed value
of the grating height. For numerical calculations, an RWG
based PCM with a length of 40 cm is considered, including
a linear taper and an interaction region of 20 cm length for
each. The waveguide width and grating period take a value of
0.08 and 0.002 mm, respectively. Other parameters stay the
same as in Table I.
The wave reflection of the PCM is first considered. In Fig.
7, the dotted curve shows, in the case with designed grating
heights, the evolution of the cumulative reflection coefficient
along the structure. A set of 50 numerical experiments are
taken into accounts for the generation of h(z) with ∆h=50
µm. The gray curves illustrate, in the background diagram,
all evolution tendencies of the obtained reflection coefficients
from these experiments. A mean evolution behavior is shown
by the black curve. As seen, the reflection level strongly
oscillates. As contrasting the black curve to the green one, this
effect increases the reflection level by one order of magnitude.
Fig. 7. Evolution tendencies of the total reflection coefficients resulted from
50 numerical experiments of h(z) (∆h = 50 µm).
Moreover, such non-uniformity of the grating height can
disturb the wave number kz along the beam-wave interaction
region through the dispersion relation defined by Eq. (7),
and therefore, may affect the wave growth rate as well. To
investigate this effect, the hot-state dispersion equation of the
PCM is derived by following derivations in Ref. [11]. The
wave growth rate δβ is obtained as
δβ = [(
ωp
γ
)2
1
ν20
∂D(β0, χ+1)
∂χ+1
/
∂D(β0, χ+1)
β0
]
1
3 , (17)
where ωp, γ and ν0 represents the plasma frequency, the
relativistic factor and the beam velocity, respectively. The
symbol D denotes the hot-state dispersion relation. The terms
β0 and χ+1 stand for synchronized propagation constant and
effective beam susceptibility for the first harmonic wave,
respectively. Interested readers are referred to Ref. [11] for
more details. For numerical calculations, a planar electron
beam with a thickness of 1 mm and a beam voltage of 21
kV is applied.
As a reference, Fig. 8 shows the wave growth rate calculated
from Eq. (17) for two beam current densities when the grating
structure along the interaction region is perfectly uniform.
The horizontal axis plots the (vertical) gap distance of the
planar electron beam to the grating (top) surface (sketched
in Fig. 5). It can be seen, that a smaller gap distance allows
stronger interaction of the electron beam with the surface wave
propagating in the maser, thus rendering a higher wave growth
rate. For a fixed beam-grating gap distance, the wave growth
rate is, meanwhile, enhanced by the higher current density of
the driving electron beam.
Fig. 8. Wave growth rate versus the gap distance of the planar electron beam
to the grating top surface for two beam current densities. The geometrical
uniformity of the grating is assumed to be perfect.
Figure 9 shows two characteristic maps of the wave growth
rate for two electron beam current densities, respectively. The
horizontal axis represents the position along the interaction
region and the vertical axis denotes the beam-grating gap
distance, as shown in Fig. 5. The maps (without stripes) show
homogeneous growth rates horizontally, and decreased growth
rates vertically in the upward direction. As the grating height
non-uniformity is considered, strong disturbances to the wave
growth rate appear. This is illustrated by the stripes with
oscillating intensities at discrete levels of the beam-grating
gap distance. Each of these stripes are averaged from 50
experiments of h(z) with ∆h = 50 µm. The inset numbers
indicate larger peak to peak variation of the wave growth
rate (∆GRp2p) for smaller beam-grating gap distance. This
behavior is consistent in both subplots of Fig. 9, but stronger
for the case with higher beam current density in the subplot
(b).
Furthermore, a relative error function of the wave growth
rate is defined as abs(GR−GR0)GR0 100%. The term GR denotes a
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Fig. 9. Characteristic maps of the (disturbed) wave growth rates. (a) Jb =
1A/cm2; (b) Jb = 10A/cm2.
realistic mean wave growth rate along the interaction region,
while GR0 corresponds to its designed value. In Fig. 10, the
curve with error bars shows the wave growth rate and the
confidence range resulted from the 50 experiments of h(z).
The relative error with respect to the designed value (circle
markers) is plotted on the right axis with the dashed curve.
It should be noted, that the growth rate is largely degraded
compared to the designed value, resulting in a pronounced
relative error of more than 30%.
VI. CONCLUSION
In this paper, we report a modeling approach based on
transmission line theory for the characterization of the rectan-
gular waveguide grating (RWG) structure for planar Cerenkov
masers (PCM). An equivalent circuit model is proposed in
conjunction with the use of the transfer matrix method for
deriving and analyzing the dispersion relations of the RWG
structure. The heavy workloads on theoretical derivations
can be significantly reduced. The obtained results are in
Fig. 10. Disturbed wave growth rate versus the beam-grating gap distance
for Jb = 10A/cm2.
good consistency with the conventional field-theory method.
A physical interpretation of the proposed approach is also
given on the consistency with the field theory. The proposed
approach is also used for the taper design in the RWG based
PCM. An efficient design of a multistage taper shows a
cumulative reflection coefficient on the order of 10−3 using
the optimum scheme of varying the tapering rate. Another
important effect is, furthermore, addressed for the impacts
of geometrical uniformity of the gratings along the structure
on the coherence performance of the PCM. The obtained
results have shown, that a slight non-uniformity in the grating
height (on the order of 50 µm) can increase the reflection
level by at least one order of magnitude. The effect can,
meanwhile, degrade the wave growth rate by a large amount
with respect to its theoretical expectation. Further applications
of the proposed approach are foreseen to consider RWG-like
slow-wave structures with more geometrical and / or dielectric
features. Possible extension of the modeling approach makes
its way for the improvements on higher frequency applications
with appropriate matching networks of the equivalent circuit.
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